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ABSTRACT
Deep neural networks have become an important tool for use in actuarial tasks, due to the 
significant gains in accuracy provided by these techniques compared to traditional methods, but 
also due to the close connection of these models to the generalised linear models (GLMs) currently 
used in industry. Whereas constraining GLM parameters relating to insurance risk factors to be 
smooth or to exhibit monotonicity is trivial, methods to incorporate such constraints into deep 
neural networks have not yet been developed. This is a barrier for the adoption of neural networks 
in insurance practice since actuaries often impose these constraints for commercial or statistical 
reasons. In this work, we present a novel method for enforcing constraints within deep neural 
network models, and we show how these models can be trained. Moreover, we provide example 
applications using real-world datasets. We call our proposed method ICEnet to emphasise the 
close link of our proposal to the individual conditional expectation (ICE) model interpretability 
technique.
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1.	 INTRODUCTION
Deep neural networks have recently emerged as a promising technique for use in tasks 
across the various traditional disciplines of actuarial science, including pricing, reserving, 
experience analysis and mortality forecasting. Moreover, deep learning has been applied in 
emerging areas of actuarial practice, such as analysis of telematics data, natural language 
processing and image recognition. These techniques provide significant gains in accuracy 
compared to traditional methods, while the close connection of these models to the 
generalised linear models (GLMs) currently used in industry enable easier understanding 
of these models for classically trained actuaries than other machine learning paradigms 
such as boosted trees.

On the other hand, one seeming disadvantage of neural network models is that the 
output from these models may exhibit undesirable characteristics for actuarial purposes. 
A first issue is that predictions may vary in a rough manner with changes in insurance 
risk factors. In some contexts, such as general insurance pricing, this may be problematic 
to explain to customers, intermediaries or other stakeholders, or may indicate problems 
with data credibility. For example, consider a general insurance pricing model that uses 
driver age as a risk factor. Usually, from a commercial perspective, as a customer ages, it is 
expected that her insurance rates would change smoothly, however, unconstrained output 
from neural networks may produce rates that vary roughly with age. It is difficult to explain 
to customers why rates might increase one year, then decrease the next, and, moreover, 
extra costs might arise from needing to address these types of queries. A second issue is 
that actuaries often wish to constrain predictions from models to increase (or decrease) 
in a monotonic manner with some risk factors, for example, increasing sums insured 
should lead, other things being equal, to higher average costs per claim and worsening 
bonus-malus scores should imply higher expected frequencies of claims. Constraining 
GLM parameters relating to insurance risk factors to be smooth or exhibit monotonicity 
is trivial, since the coefficients of GLMs can be modified directly. However, methods to 
introduce these constraints into deep neural networks have not yet been developed. Thus, 
a significant barrier for the adoption of neural networks in practice exists.

When building actuarial models, as mentioned above, actuaries typically attempt to 
enforce smoothness or monotonicity constraints within models by modifying model 
structure or coefficients manually, by applying relevant functional forms within models, 
such as parametric functions, regularisation or by applying post-hoc smoothing techniques. 
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We mention, e.g., Whittaker–Henderson smoothing (Whittaker, 1922; Henderson, 1924) 
which adds regularisation to parameters. In the case of GLMs for general insurance 
pricing, the simple linear structure of these models is often exploited by, firstly, fitting an 
unconstrained GLM, then specifying some simplifications whereby coefficients are forced 
to follow the desired functional form or meet a smoothness criteria. In more complex 
models, such as neural networks, operating directly on model coefficients or structure is 
less feasible.

To overcome this challenge, here we present methods for enforcing smoothness 
and monotonicity constraints within deep neural network models. The key idea can be 
summarised as follows: as a first step, insurance risk factors that should be constrained are 
identified, then the datasets used for model fitting are augmented to produce pseudo-data 
that reflect the structure of the identified variables. In the next step, we design a multi-
input/multi-output neural network that can process jointly the original observation as 
well as the pseudo-data. Finally, a joint loss function is used to train the network to make 
accurate predictions while enforcing the desired constraints on the pseudo-data. We show 
how these models can be trained and provide example applications using a real-world 
general insurance pricing dataset.

The method we propose can be related to the individual conditional expectation (ICE) 
model interpretability technique of Goldstein et al. (2015), therefore we call our proposal 
the ICEnet, to emphasise this connection. To enable the training of neural networks with 
constraints, the ICEnet structures networks to output a vector of predictions derived from 
the pseudo-data input to the network; these predictions derived from the network for the 
key variables of interest on the pseudo-data are exactly equivalent to the outputs used to 
derive an ICE plot. The selected constraints then constrain these ICEnet outputs from 
the network to be as smooth or monotonic as required. For this purpose, we use fully 
connected networks (FCNs) with embedding layers for categorical variables to perform 
supervised learning and, in the process, create the ICEnet outputs for the variables of 
interest.

1.1	 Literature review
Practising actuaries have often smoothed results of experience analyses in both general 
and life insurance, usually on the assumption that outputs of models that do not exhibit 
smoothness are anomalous. For example, Goldburd et al. (2016) and Anderson et al. 
(2007) discuss manual smoothing methods in the context of general insurance pricing 
with GLMs. In life insurance, two main types of techniques are used to graduate (i.e. 
smooth) mortality tables; in some jurisdictions, such as the United Kingdom and South 
Africa, combinations of polynomial functions have often been used to fit mortality data 
directly, see, for example, Forfar et al. (1987), whereas post-hoc smoothing methods such 
as Whittaker–Henderson smoothing (Whittaker, 1922; Henderson, 1924) have often been 
used in the United States. The use of splines and generalised additive models (GAMs) 
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have also been considered for these purposes, see Goldburd et al. (2016) in the context of 
general insurance and Debón et al. (2006) in the context of mortality data.

More recently, penalised regression techniques have been utilised for variable selection 
and categorical level fusion for general insurance pricing. These are often based on the 
Least Absolute Shrinkage and Selection Operator (LASSO) regression of Tibshirani (1996) 
and its extensions (Hastie et al., 2015); here we mention the fused LASSO which produces 
model coefficients that vary smoothly, see Tibshirani et al. (2005), which is particularly 
useful for deriving smoothly varying models for ordinal categorical data. In the actuarial 
literature, example applications of the constrained regression approach are Devriendt et 
al. (2021), who propose an algorithm for incorporating multiple penalties for complex 
general insurance pricing data and Henckaerts et al. (2018), who provide a data-driven 
binning approach designed to produce GLMs which closely mirror smooth GAMs.

Within the machine and deep learning literature, various methods for enforcing mono
tonicity constraints within gradient boosting machines (GBM) and neural network models 
have been proposed. Monotonicity constraints are usually added to GBMs by modifying the 
process used to fit decision trees when producing these models; an example can be found in 
the well-known XGBoost library of Chen and Guestrin (2016). Since these constraints are 
implemented specifically by modifying how the decision trees underlying the GBM are fit 
to the data, the same process cannot be applied for neural network models. Within the deep 
learning literature, monotonicity constraints have been addressed by constraining the weights 
of neural networks to be positive, see, for example, Sill (1997) and Daniels and Velikova 
(2010), who generalise the earlier methods of Sill (1997), or by using specially designed 
networks, such as the lattice networks of You et al. (2017). In the finance literature, Kellner 
et al. (2022) proposes a method to ensure monotonicity of multiple quantiles output from a 
neural network, by adding a monotonicity constraint to multiple outputs from the network; 
this idea is similar to what we implement below. Another approach to enforcing monotonicity 
involves post-processing the outputs of machine learning models with a different algorithm, 
such as isotonic regression; see Wüthrich and Ziegel (2023) for a recent application of this to 
ensure that outputs of general insurance pricing models are autocalibrated.

On the other hand, the machine and deep learning literature seemingly has not 
addressed the issue of ensuring that predictions made with these models vary smoothly, 
and, moreover, the methods proposed within the literature for monotonicity constraints 
cannot be directly applied to enforce smoothness constraints. Thus, the ICEnet proposal 
of this work, which adds flexible penalties to a specially designed neural network, fills a 
gap in the literature by showing how both monotonicity and smoothness constraints can 
be enforced with the same method in deep learning models.

1.2	 Structure of the manuscript
The rest of the manuscript is structured as follows. Section 2 provides notation and 
discusses neural networks and machine learning interpretability. Section 3 defines the 
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ICEnet, which is applied to the French motor third party liability data in Section 4. A 
local approximation to the ICEnet is presented in Section 5. Discussion of the results 
and conclusions are given in Section 6. The appendices provides the code and further 
numerical analysis of the ICEnet.

2.	� NEURAL NETWORKS AND INDIVIDUAL CONDITIONAL 
EXPECTATIONS

We begin by briefly introducing supervised learning with neural networks, expand these 
definitions to FCNs using embedding layers and discuss their training process. With these 
building blocks, we then present the ICEnet proposal in the next section.

2.1	 Supervised learning and neural networks
We work in the usual setup of supervised learning. Independent observations ny Î 
of a variable of interest have been made for instances (insurance policies) 1 n N£ £ . In 
addition, covariates xn have been collected for all instances 1 n N£ £ . These covariates can 
be used to create predictions ˆny Î of the variable of interest. In what follows, note that 
we drop the subscript from xn for notational convenience. The covariates in x are usually 
of two main types in actuarial tasks: the first of these are real-valued covariates [ ] rqr Îx , 
where the superscript [·]  represents the subset of the vector x, r is the set of real-valued 
covariates and where there are qr real-valued variables. The second type of covariates are 
categorical, which we assume have been coded as positive integers; we represent these 
as [ ] cqc Îx , where the set of categorical covariates is c. Thus, [ ] [ ] ,( )r c=x x x . In actuarial 
applications, often predictions are proportional to a scalar unit of exposure nu

+Î , thus, 
each observation is a tensor [ ] [ ]( ), , , cr qqr cy u +Î ´ ´ ´   x x . In this work, we will 
use deep neural networks, which are efficient function approximators, for predicting y. 
We represent the general class of neural networks as ( )WY x , where W are the network 
parameters (weights and biases). Using these, we aim to study the regression function

ˆ : ,    ( ) .cr qq
W Wy uY ´ ® = Y   x  x

We follow Chapter 7 of Wüthrich and Merz (2023) for the notation defining neural 
networks. Neural networks are machine learning models constructed by composing non-
linear functions (called layers) operating on the vector x, which is the input to the network. 
A network consisting of only a single layer of non-linear functions has depth d = 1, and is 
called a shallow network. More complex networks consisting of multiple layers with depth 
d ≥ 2 are called deep networks. We denote the i-th layer by ( )iz . These non-linear functions 
(layers) transform the input variables x into new representations, which are optimised 
to perform well on the supervised learning task, using a process called representation 
learning. Representation learning can be denoted as the composition
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( ) ( )( )def( ) ( (:1 1) )    dqd dz x z z Î   xx ,

where d Î  is the number of layers ( )iz  of the network and iq Î are the dimensions 
of these layers for 1 i d£ £ . Thus, each layer 1( ) : i iq qiz - ®   transforms the 
representation at the previous stage to a new, modified representation.

FCNs define the j-th component (called neuron or unit) of each layer ( ) ,1 ,i
iz j q£ £  

as the mapping
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for a non-linear activation function :f ®  , and where ( ) )·(i
jz  is the j-th component 

of layer ( ) ( )
,( ),·i i

j kz w Î is the regression weight of this j-th neuron connecting to the k-th 
neuron of the previous layer, ( )1i

k kz z -= , and ( )i
jb Î is the intercept or bias for the j-th 

neuron in layer ( ) iz . It can be seen from (2.1) that the neurons ( ) )·(i
jz  of a FCN connect to 

all of the neurons ( )1 )·( i
kz -  in the previous layer 1( ) i-z  through the weights ( )

, i
j kw , explaining 

the description of these networks as “fully-connected”.
Combining these layers, a generic FCN regression function can be defined as follows

		  ( ) ( ) ( )def 1 ( 1) ( :1) 1

1

,
dq

W k k
k

d d dw z bg- +

=

+
æ ö÷ç ÷çY + ÷ç ÷çè ø
åx x x 	 (2.2)

where 1 ·( )g-  is a suitably chosen inverse link function that transforms the outputs of the 
network to the scale of the observations y. The notation W in ( )WY x  indicates that we 
collect all the weights ( )

,j k
iw  and biases ( )

j
ib  in W, giving us a network parameter of dimension 

11
( 1 1) ( )d

d i ii
q q q-=

+ + +å , where q0 is the dimension of the input x.

For most supervised learning applications in actuarial work, a neural network of the form 
(2.1)–(2.2) is applied to the covariate x to create a single prediction ( )ˆ Wy u=Y x . Below, 
we will define how the same network ( )

WY ×  can be applied to a vector of observations to 
produce multiple predictions, which will be used to constrain the network.

State-of-the-art neural network calibration is performed using a stochastic gradient 
descent (SGD) algorithm, performed on mini-batches of observations. To calibrate the 
network, an appropriate loss function  ( )·,·L  must be selected. For general insurance pricing, 
the loss function is often the deviance loss function of an exponential-family distribution, 
such as the Poisson distribution for frequency modelling or the Gamma distribution for 
severity modelling. For more details on the SGD procedure, we refer to Goodfellow et 
al. (2016), and for a detailed explanation of exponential-family modelling for actuarial 
purposes see Chapters 2 and 4 of Wüthrich and Merz (2023).
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2.2	 Pre-processing covariates for FCNs
For the following, we assume that the N instances of ,1n n N£ £x , have been collected 
into a matrix ( )[ ] [ ][ ], r cN q qr cX X X ´ += Î , where [ ]·X  represents a subset of the columns of 
X. Thus, to select the j-th column of X, we write [ ]jX  and, furthermore, to represent the 
n-th row of X, we will write n nX = x . We also assume that all of the observations of yn have 
been collected into a vector 1 , ,( ) N

Ny y= Î y  .

2.2.1	 CATEGORICAL COVARIATES
The types of categorical data comprising [ ]cX  are usually either qualitative (nominal) 
data with no inherent ordering, such as type of motor vehicle, or ordinal data with an 
inherent ordering, such as bad-average-good driver. Different methods for pre-processing 
categorical data for use within machine learning methods have been developed, with one-
hot encoding being a popular choice for traditional machine learning methods. Here, we 
focus on the categorical embedding technique (entity embedding) of Guo and Berkhahn 
(2016); see Richman (2021) and Delong and Kozak (2023) for a brief overview of other 
options and an introduction to embeddings. Assume that the t-th categorical variable, 
corresponding to column [ ]tcX , for 1 ct q£ £ , can take one of Kt ≥ 2 values in the set of

levels { }1 ,...,
t

t t
Ka a . An embedding layer for this categorical variable maps each member of 

the set to a low-dimensional vector representation of dimension t tb K< , i.e.,

	 	 { } (def
1

)( ): ,..., ,  ,t
t

b t k
K
t t

k k
t ta a a a® e e e 	 (2.3)

meaning to say that the k-th level t
ka  of the t-th categorical variable receives a low 

dimensional vector representation ( ) tbt k Îe . When utilising an embedding layer within a 
neural network, we calibrate the t tK b  parameters of the embedding layer as part of fitting 
the weights W of the network ( )WY x . Practically, when inputting a categorical covariate 
to a neural network, each level of the covariate is mapped to a unique natural number, 
thus, we have represented these covariates as [ ] cqc Îx , and these representations are 
then embedded according to (2.3) which can be interpreted as an additional layer of the 
network; this is graphically illustrated in Figure 7.9 of Wüthrich and Merz (2023).

2.2.2	 NUMERICAL COVARIATES
To enable the easy calibration of neural networks, numerical covariates must be scaled to 
be of similar magnitudes. In what follows, we will use the min-max normalisation, where 
each raw numerical covariate [ ]trX  is scaled to

[ ] [ ]
[ ]

[ ] [ ]
( )

( ) ( )

t t
t

t t

r r
r

r r
X min XX

max X min X
-

-
=

 

 

,
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where [ ]trX  is t-th raw (i.e., unscaled) continuous covariate and the operation is performed 
for each element of column [ ]trX  of the matrix of raw continuous covariates, [ ]rX .

We note that the continuous data comprising [ ]rX  can also easily be converted to ordinal 
data through binning, for example, by mapping each observed covariate in the data to one 
of the quantiles of that covariate. We do not consider this option for processing continuous 
variables in this work; however, we will use quantile binning to discretise the continuous 
covariates [ ]rX  for the purpose of estimating the ICEnets used here.

2.3	 Individual conditional expectations and partial dependence plots
Machine learning interpretability methods are used to explain how a machine learning 
model, such as a neural network, has estimated the relationship between the covariates x 
and the predictions ŷ; for an overview of these, see Biecek and Burzykowski (2021). Two 
related methods for interpreting machine learning models are the partial dependence plot 
(PDP) of Friedman (2001) and the individual conditional expectations (ICE) method of 
Goldstein et al. (2015).

The ICE method estimates how the predictions ˆny  for each instance 1 n N£ £  change as 
a single component of the covariates xn is varied over its observed range of possible values, 
while holding all of the other components of xn constant. The PDP method is simply the 
average over all of the individual ICE outputs of the instances 1 n N£ £  derived in the 
previous step. By inspecting the resultant ICE and PDP outputs, the relationship of the 
predictions with a single component of x can be observed; by performing the same process 
for each component of x, the relationships with all of the covariates can be shown.

To estimate the ICE for a neural network, we now consider the creation of pseudo-data 
that will be used to create the ICE output of the network. We consider one column of X, 
denoted as [ ]jX , 1 r cj q q£ £ + . If the selected column [ ]jX  is categorical, then, as above, 
the range of values which can be taken by each element of [ ]jX  are simply the values in

the set of levels { }1 ,...,
j

j j
Ka a . If the selected column [ ]jX  is continuous, then we assume 

that a range of values for the column has been selected using quantile binning or another 

procedure, and we denote the set of these values using the same notation, i.e., { }1 ,...,
j

j j
Ka a  

where jK Î  is the number of selected values j
ua Î and where we typically assume that 

the continuous variables in { }1 ,...,
j

j j
Ka a  are ordered in increasing order.

We define [ ]( )jX u  as a copy of X, where all of the components of X remain the same, 

except for the j-th column of X, which is set to the u-th value of the set { }1 ,...,
j

j j
Ka a  

1 ju K£ £ . By sequentially creating predictions using a (calibrated) neural network 

applied to the pseudo-data, [ ]( )( ) j
W X uY   (where the network is applied in a row-wise

manner), we are able to derive the ICE outputs for each variable of interest, as we vary the
value of 1 ju K£ £ . In particular, by allowing j

ua  to take each value in the set { }1 ,...,
j

j j
Ka a  



R RICHMAN & MV WÜTHRICH  SMOOTHNESS AND MONOTONICITY CONSTRAINTS FOR NEURAL NETWORKS USING ICENET  | 9

ACTUARIAL SOCIETY 2023 CONVENTION, SANDTON CONVENTION CENTRE | 11–12 OCTOBER 2023

for each instance 1 n N£ £  separately, we define the ICE for covariate j as a vector of 
predictions on the artificial data, [ ]j

ny , as

		  [ ] [ ]( )( ) [ ]( )( )1 ,...,j j j
n W n n W n j nKu ué ù= Y Yê úë û
  y x x 	 (2.4)

where [ ]( )j
n ux  represents the vector of covariates for instance n, where the j-th entry has 

been set equal to the u-th value j
ua  of that covariate, which is contained in the appropriate

set { }1 ,...,
j

j j
Ka a .

The PDP can then be derived from (2.4) by averaging the ICE outputs over all instances. 
We set

		  [ ]
[ ] ( )( ) [ ] ( )( )11

1
, ,

NN jj
W n j nW n n nj n

n

K

N N

uu ==
é ù YYê úé ù = ê úê úë û ê úë û

åå







xx

y 	 (2.5)

This can be interpreted as an empirical average, averaging over all instances 1 ≤ n ≤ N.

3.	 ICENET
3.1	 Description of the ICEnet
We start with a colloquial description of the ICEnet proposal before defining it rigorously. 
The main idea is to augment the observed data 1, ),( n n

N
n ny u =x  With pseudo-data, so that 

output equivalent to that used for the ICE interpretability technique (2.4) is produced 
by the network, for each variable that requires a smoothness or monotonicity constraint. 
This is done by creating pseudo-data that varies for each possible value of the variables 
to be constrained. For continuous variables, we use quantiles of the observed values of 
the continuous variables to produce the ICE output while, for categorical variables, we 
use each level of the categories. The same neural network is then applied to the observed 
data, as well as each of the pseudo-data. Applying the network to the actual observed data 
produces a prediction that can be used for pricing, whereas applying the network to each 
of the pseudo-data produces outputs which vary with each of the covariates which need 
smoothing or require monotonicity to be enforced. The parameters of the network are 
trained (or fine-tuned) using a compound loss function: the first component of the loss 
function measures how well the network predicts the observations  ,1ny n N£ £ . The 
other components ensure that the desired constraints are enforced on the ICEs for the 
constrained variables. After training, the progression of predictions of the neural network 
will be smooth or monotonically increasing with changes in the constrained variables. A 
diagram of the ICEnet is shown in Figure 1.

3.2	 Definition of the ICEnet
To define the ICEnet, we assume that some of the variables comprising the covariates 

( )r cq qNX +´Î  have been selected as requiring smoothness and monotonicity constraints. 
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We collect all those variables requiring smoothness constrains into a set 1, ,{ }r cq qÌ +S  
with S members of the set and those variables requiring monotonicity constraints into 
another set 1, ,{ }r cq qÌ +M , with M members of the set. As we have discussed above, 
we will rely on FCNs with appropriate pre-processing of the input data x for predicting the 
response y with ŷ. For each instance 1,{ , }n NÎ  , the ICEnet is comprised of two main 
parts. The first of these is simply a prediction  ̂ ( )n W n ny x u=Y  of the outcome yn based on 
covariates xn. For the second part of the ICEnet, we now will create the pseudo-data using 

Figure 1 Diagram explaining the ICEnet. The same neural network WY  is used to produce both 
the predictions from the model, as well as to create predictions based on pseudo-data. These 
latter predictions are constrained, ensuring that the outputs of the ICEnet vary smoothly or 
monotonically with changes in the input variables x. In this graph, we are varying variable x1 to 

produce the ICEnet outputs which are [ ]( )( )1 WY ×x .
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the definitions from Section 2.3 that will be used to create the ICE output of the network 
for each of the columns requiring constraints. Finally, we assume that the ICEnet will be 
trained with a compound loss function L, that balances the good predictive performance 
of the predictions ˆny  together with satisfying constraints to enforce smoothness and 
monotonicity.

The compound loss function L of the ICEnet consists of three summands, i.e., L = L1 + 
L2 + L3. The first of these is set equal to the deviance loss function LD that is relevant for the 
considered regression problem, i.e., ( )set

1 , .ˆD
n nL L y y

The second of these losses is a smoothing constraint applied to each covariate in the set S. 
For smoothing, actuaries have often used the Whittaker–Henderson smoother (Whittaker, 
1922; Henderson, 1924), which we implement here as the square of the third difference of 
the predictions [ ]j

ny  given in (2.4). We define the difference operator of order 1 as

[ ]( )( ) [ ]( ) [ ]( )1 ( ) ( ) ( 1 ,)j j j
W n W n W nu u uD Y =Y -Y -  x x x

and the difference operator of a higher order 1t³  recursively as

[ ]( )( ) [ ]( )( ) [ ]( )( )1 1( ) ( ) )1( ,j j j
W n W n W nu u ut t t- -D Y =D Y -D Y -  x x x

Thus, the smoothing loss L2 for order 3 is defined as

		  ( ) [ ]( )( )
2

def 3
2

4

( ) ,
j

j

K
j

s W n
j u

L n ul
Î =

é ùD Yê úë ûåå x
S

	 (3.1)

where  0
jsl ³  is the penalty parameter for the smoothing loss for the j-th member of the 

set S.
Finally, to enforce monotonicity, we add the absolute value of the negative components 

of the first difference of [ ]j
ny  to the loss, i.e., we define L3 as:

		  ( ) [ ]( )( )def 1
3

2

( ) ,0m ,ax
j

j

K
j

m j W n
j u

L n ul d
Î =

é ùD Yê úë ûåå x
M

	 (3.2)

where 0
jml ³  is the penalty parameter for the smoothing loss for the j-th member of the 

set M, and where 1jd =±  depending on whether we want to have a monotone increase 
(−1) or decrease (+1) in the j-th variable of S.

ASSUMPTIONS 3.1 (ICENET ARCHITECTURE)
Assume we have independent responses and co-variates ( )[ ] [ ]

1
, , ,r c

n n n n

N

n
y u

=
x x  as defined 

in Section 2.1, and we have selected some covariates requiring constraints into sets S and 
M. Assume we have a neural network architecture WY  as defined in (2.2) having network 
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weights W. For the prediction part of the ICEnet, we use the following mapping provided by 
the network
		  ( ) ,n n W n nx y u=Y

 x

which produces the predictions required for the regression task. In addition, the ICEnet also 
produces the following predictions made with the same network on pseudo-data defined by

		  1 1[ ][ ] [ ] [ ]  , , , , , ,S Mss m m
n n n n n    
  x y y y y 	 (3.3)

where all definitions are the same as those defined in Section 2.3 for  ls Î   and  lm Î , 
respectively. Finally, to train the ICEnet, we assume that a compound loss function, applied to 
each observation { }1, ,n NÎ 

 individually is specified as follows

		  ( ) ( )def
2 3( ) ( ),ˆ,D

n nL n L y y L n L n+ +  	 (3.4)

for smoothing loss 2( )L n  and monotonicity loss 3( )L n  given in (3.1) and (3.2), respectively, 
for non-negative penalty parameters collected into a vector 

1 1
, , , ,( ),

S Ms s m sl l l l l=   

.

We briefly remark on the ICEnet architecture given in Assumptions 3.1.

REMARK 3.2
	— To produce the ICE outputs from the network under Assumptions 3.1, we apply 

the same network ( )
WY ×  multiple times to pseudo-data that have been modified 

to vary for each value that a particular variable can take, see (3.3). Applying the 
same network multiple times is called a point-wise neural network in Vaswani et al. 
(2017), and it is called a time-distributed network in the Keras package; 
see Chollet et al. (2017). This application of the same network multiple times is also 
called a one-dimensional convolutional neural network.

	— Common actuarial practice when fitting general insurance pricing models is to 
consider PDPs to understand the structure of the fitted coefficients of a GLM and 
smooth these manually. Since we cannot smooth the neural network parameters 
W directly, we have rather enforced constraints (3.1) for the ICE produced by the 
network ( )

WY × ; this in particular applies if we smooth ordered categorical variables.
	— Enforcing the same constraints as those in (3.4) in a GLM will automatically smooth/

constrain the GLM coefficients similar to LASSO and fused LASSO regularisation; 
we refer to Hastie et al. (2015). We also mention that similar ideas have been used 
in enforcing monotonicity in multiple quantile estimation; see Kellner et al. (2022).

	— Since the PDP of a model is nothing more than the average over the ICE outputs of 
the model for each instance n, by enforcing the constraints for each instance also 
enforces the constraints on the PDP. Moreover, the constraints in (3.4) could be 



R RICHMAN & MV WÜTHRICH  SMOOTHNESS AND MONOTONICITY CONSTRAINTS FOR NEURAL NETWORKS USING ICENET  | 13

ACTUARIAL SOCIETY 2023 CONVENTION, SANDTON CONVENTION CENTRE | 11–12 OCTOBER 2023

applied in a slightly different manner, by first estimating a PDP using (2.5) for all 
of the observations in a batch, then applying the constraints to the estimated PDP.

	— We have used a relatively simple neural network within the ICEnet; of course, more 
complex network architectures could be used.

4.	 Applying the ICEnet
4.1	 Introduction and exploratory analysis
In this section, we apply the ICEnet to the French Motor Third Party Liability (MTPL) 
dataset included in the CASdatasets package in the R language (Dutang & Charpentier, 
2020), with the aim of predicting claims frequency. We follow the same data pre-processing, 
error correction steps and splitting of the data into learning and testing sets (in a 9:1 ratio), 
as those described in Appendix B of Wüthrich and Merz (2023), to which we also refer 
for an exploratory data analysis of this dataset. Table 1 shows the volumes of data in each 
of the learning and testing sets, illustrating that the observed claims rate is quite similar 
between the two sets.

Table 1 Number of records, total exposure and observed claims frequency 
in the French MTPL dataset, split into learning and testing sets

Set N Exposure Claims Frequency

learn 610, 206 322, 392 23, 737 0.0736

test 67, 801 35, 967 2, 644 0.0735

The MTPL data contain both unordered and ordinal categorical covariates, as well as 
continuous covariates. To apply the ICEnet, we select all of the ordinal categorical and 
continuous covariates in the dataset for constraints: these are the Bonus-Malus Level, 
Density, Driver Age, Vehicle Age and Vehicle Power fields. Figure 2 shows the empirical 
claims frequency in the learning set, considering each fields in turn, i.e., this is a univariate 
(marginal) analysis. Note that for the continuous density variable, we are showing the 
frequency and exposure calculated at the percentiles of this variable. It can be seen that the 
empirical frequency varies with each variable somewhat erratically, especially in those parts 
of the domain of the variable when there is small exposure. In particular, for the bonus-
malus level and density variables, there is quite a significant vertical spread of empirical 
frequencies, indicating that the univariate analysis presented here may not suitably capture 
the relationships between the covariates and the response, i.e., we need a more complex 
model to make predictions on this data.

In what follows, smoothing constraints are applied to all five of the variables. Among 
these five smoothed variables, ensuring that smoothness is maintained for driver age, 
vehicle age and bonus-malus level will be the most important constraints needed in this 
model from a commercial perspective, since the values of these variables will likely be 
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updated each year that a policy is in force. Since we expect that claims frequency will 
increase with increasing bonus-malus scores, density and vehicle power, we also apply 
constraints to ensure that the model predicts monotonically increasing claims frequency 
for each of these variables. Table 2 shows these penalty parameters for each variable. 
These constraint values were selected heuristically by experimenting with different 
values until acceptably smooth and monotonic ICE outputs were produced; however, 
the impact on predictive performance was not considered when selecting these. Note 
that the table includes a direction column to show that we are enforcing monotonically 

Figure 2 Empirical claims frequency (top panel) and observed exposures (bottom panel) in the 
French MTPL dataset for each of the Bonus-Malus Level, Density, Driver Age, Vehicle Age and 
Vehicle Power covariates (univariate analysis only), learning set only. Note that the y-scales for 

each variable are not comparable.
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increasing constraints to 1jd =- ; setting the direction parameter to 1jd =  would produce 
monotonically decreasing constraints (see Listing 1 in Appendix A). Of course, these 
parameters could also be selected to produce optimal predictive performance using, for 
example, an out-of-sample validation set, or K-fold cross-validation.

Table 2 Smoothing and monotonicity constraints applied within the ICEnet

Covariate
Smoothing 
constraint

Monotonicity 
constraint

Direction

Driver age 10 0 −1

Vehicle age 1 0 −1

Bonus malus 1 100 −1

Density 1 100 −1

Vehicle power 1 100 −1

4.2	 Fitting the ICEnet
We select a d = 3 layer neural network for the FCN component of the ICEnet, with the 
following layer dimensions (q1 = 32, q2 = 16, q3 = 8) and set the activation function ( )f ×
to the rectified linear unit (ReLU) function. The link function ( )g ×  was chosen to be the 
exponential function (which is the canonical link of the Poisson model). To perform early-
stopping to regularise the network, we further split the learning set into a new learning 
set L, containing 95% of the original learning set, and a small validation set V, containing 
5% of the original learning set. We assign an embedding layer to each of the unordered 
categorical variables (Vehicle Gas, Vehicle Brand, Region and Area Code), and, for 
simplicity, select the dimension of the real-valued embedding to be b = 5 for each of these 
variables. For the rest of the variables, we apply min-max scaling (see Section 2.2) and then 
directly input these into the FCN; this explains how the vector of covariates x has been 
constructed.

For comparison with the ICEnet, we begin with training several simple FCNs for 
comparison; 10 training runs of these were performed. This was fit using the Adam 
optimiser for 50 epochs, using a learning rate of 0.001 and a batch size of 1024 observations. 
The network training was early stopped by selecting the epoch with the best out-of-sample 
score on the validation set V. To train this FCN network, we use only the deviance loss 
LD, i.e., the first component of the loss function (3.4). Since neural network training 
involves some randomness arising from the random initialisation of the network weights 
W and the random selection of training data to comprise each mini-batch, the results 
of each training run will vary in terms of predictive performance; furthermore the exact 
relationships learned between the covariates and the predictions will vary by training run. 
In the first two lines of Table 3, we show the average of the Poisson deviance loss and the 
Poisson deviance loss produced using the nagging predictor of Richman and Wüthrich 
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(2020), which is the predictor produced by averaging over the outputs of several neural 
network training runs. The standard deviation of the Poisson deviance loss across training 
runs is shown in the table in parentheses.

The ICEnet was fit using the Keras in the R programming language;1 for the Keras 
package see Chollet et al. (2017). The implementation of the ICEnet is explained in more 
detail in Appendix A. Similar to the FCNs, 10 training runs of the ICEnet were performed. 
Since the ICEnet requires many outputs to be produced for each input to the network, the 
computational burden of fitting this model is quite heavy, nonetheless, this can be done 
easily using a graphics processing unit (GPU) and the relevant GPU optimised versions of 
deep learning software. The ICEnet results are on Lines 3–4 of Table 3, showing the average 
results and the nagging predictor, respectively. We note that training runs of the FCN and 
ICEnet take about 3 and 12 minutes to complete, respectively, the former running without 
a GPU and the latter running on a GPU.

Table 3 Poisson deviance loss for the FCN and the ICEnet, learning and testing losses. For 
multiple runs, the average and standard deviation (in parentheses) are reported.

Description Learn Test

FCN 0.2381 (0.000211) 0.2387 (0.000351)

FCN (nagging) 0.2376 0.2383

ICEnet 0.2386 (0.000180) 0.2388 (0.000236)

ICEnet (nagging) 0.2384 0.2385

It can be observed that adding smoothing and monotonicity constraints to the ICEnet 
has resulted in only marginally worse performance of the model on both the training and 
testing set, compared to the FCN results. Interestingly, whereas the FCN has a relatively 
large performance gap between the training and testing sets (both on average and when 
comparing the nagging predictor), the ICEnet has a much smaller gap, implying that these 
constraints are regularising the network, at least to some extent. Finally, while the nagging 
predictor improves the performance of both the FCN and the ICEnet, the performance 
improvement is somewhat larger for the former than the latter, which can be explained by 
the nagging predictor performing regularisation over the different fitting runs.

We approximately decompose the reduction in performance between the smoothness 
constraints on the one hand, and the monotonicity constraints on the other, by refitting the 
ICEnet with the smoothing constraints only, and then with the monotonicity constraints 
only. These results are shown in Table 4.

1	 The FCN networks were fit on an AMD Ryzen 7 8 Core Processor with 32GB of RAM. The ICEnets 
were fit on the same system, using an Nvidia RTX 2070 GPU and the GPU-enabled version of 
Tensorflow.
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Table 4 Poisson deviance loss for the ICEnet, learning and testing sets. For multiple runs, 
the average and standard deviation (in parentheses) are reported. Constraints are varied as 

described in the relevant column.

Description Constraints Learn Test

ICEnet Smoothing + Monotonicity 0.2386 (0.000180) 0.2388 (0.000236)

ICEnet Smoothing 0.2385 (0.000423) 0.2388 (0.000385)

ICEnet Monotonicity 0.2384 (0.000214) 0.2385 (0.000140)

ICEnet (nagging) Smoothing + Monotonicity 0.2384 0.2385

ICEnet (nagging) Smoothing 0.2382 0.2385

ICEnet (nagging) Monotonicity 0.2381 0.2382

The results show that the smoothing constraints are the primary cause of the decline in 
performance of the ICEnet, compared with the FCN. The monotonicity constraints, on 
the other hand, improve the out-of-sample performance of the ICEnet to surpass the FCN, 
whether on average, or when using the nagging predictor. Furthermore, the small gap 
between the training and testing results for the ICEnet with only monotonicity constraints 
shows that these successfully regularise the model. These results suggest that adding 
monotonicity constraints to actuarial deep learning models based on expert knowledge can 
lead to enhanced performance. Whether the somewhat decreased performance of a model 
that produces smoothed outputs is acceptable will depend on whether these constraints 
are necessary for commercial purposes. Moreover, the values of the constraint parameters 
could be (further) varied so that an acceptable trade-off of smoothness and performance is 
achieved; for an example of this, see Section 4.4, below.

4.3	 Exploring the ICEnet predictions
We start with considering the global impact of applying constraints within the ICEnet by 
considering the PDPs derived from the FCN and ICEnet models in each of the 10 training 
runs of these models. The ICE outputs were constrained when fitting the network by using 
loss function (3.4) applied to each of the observations in the training set. The PDPs are 
shown in Figure 3 with blue lines for FCN and red lines for ICEnet.

The PDPs from the unconstrained FCNs models exhibit several undesirable 
characteristics: for the bonus-malus level, density and vehicle age covariates, these exhibit 
significant roughness which would translate into unacceptable changes in rates charged 
to policyholders as, for example, bonus-malus scores are updated, or as the policyholder’s 
vehicle ages. Also, in some parts of the PDPs, it can be observed that monotonicity has 
not been maintained by the FCNs. Finally, the PDPs for the driver age and vehicle power 
covariates exhibit different shapes over the different runs, meaning that the FCNs have 
learned different relationships between the covariates and the predictions. On the other 
hand, the PDPs from the ICEnets are significantly smoother for all of the variables and 
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runs, appear to be monotonically increasing in all cases and finally, exhibit more similar 
shapes across the different runs. Interestingly, the relationships learned by the constrained 
ICEnets are quite different for the bonus-malus level, vehicle age and driver age variables 
than those learned by the FCN, with the PDPs of the ICEnet for the first two variables 
arguably more commercially reasonable than the those from the FCN.

Focusing on the first training run of the FCNs and the ICEnets, we now show some 
examples of the effect of the constraints on individual observations. To estimate the 

Figure 3 PDPs for each of the Bonus-Malus Level, Density, Driver Age, Vehicle Age and 
Vehicle Power fields shown in separate panels, test set only. Blue lines are PDPs from the FCNs 
(unsmoothed) and red lines are PDPs from the ICEnet (smoothed). Bold lines relate to the PDPs 
from the first of 10 runs; the lighter lines relate to the remaining runs. Note that the scale of the 

y-axis varies between each panel
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monotonicity and smoothness of the ICE outputs of the FCN and ICEnets, these 
components of the ICEnet loss function (3.4) were evaluated for each observation in the 
test set. Figure 4 shows density plots of the difference (smoothed model minus unsmoothed 
model) between these scores for each of these models, for each variable separately.

All of these densities have a long left tail, meaning that the ICE outputs produced by the 
ICEnet are significantly more monotonic and smooth than those produced by the FCN. 
Also, the densities usually peak around zero, meaning to say that adding the constraints 
has generally not significantly “damaged” outputs from the FCN that already satisfied the 
monotonicity or smoothness constraints. For the densities of the monotonicity scores for 
the bonus-malus level and density variables, it can be seen that there is a short right tail 

Figure 4 Density plots of the difference between the monotonicity and smoothness components 
of the ICEnet loss function (3.4) evaluated for each observation in the test set.
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as well, which we have observed to occur when the original FCN model produces some 
outputs that are already monotonic and these are altered somewhat by the ICEnet.

Figures 5 and 6 show ICE plots for several instances n, which have been specially chosen 
as those that are the least monotonic and smooth ones, based on the monotonicity and 
smoothness scores evaluated for each observation in the test set on the outputs of the FCN 
only. These figures show that, in general, the ICE plots of predictions from the ICEnet are 
more reasonable. For example, for instance n = 4282 in Figure 5, it can be seen that the FCN 
produces predictions that decrease with density, whereas the opposite trend is produced 
by the ICEnet; another example is instance n = 41516 where the FCN predictions decrease 
with vehicle power and the ICEnet reverses this. A nice side effect of the constraints is that 

Figure 5 ICE plots of the output of the FCN and the ICEnet for instances n chosen to be the least 
monotonic based on the monotonicity score evaluated for each instance in the test set on the 
outputs of the FCN. Note that the smoothed model is the ICEnet and unsmoothed model is the 

FCN.
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some of the exceptionally large predictions produced by the FCN, for example, for instance 
n = 16760 in Figure 6, are reduced significantly by the ICEnet; in general it would be highly 
unlikely to underwrite policies with such an elevated frequency of claim.

4.4	 Varying the ICEnet constraints
We end this section by investigating how the PDPs of the ICEnets change as the strength of 
the constraint parameters are varied over a wide range. To provide a baseline starting point, 
a meta-network (or, using the terminology of machine learning, a distillation network, 
Hinton et al. (2015)) was fit to the nagging predictor derived from the FCNs in Section 4.2; 
this was done by fitting exactly the same FCN as before, with the same covariates, but with 

Figure 6 ICE plots of the output of the FCN and the ICEnet for instances n chosen to be 
the least smooth based on the smoothness score evaluated for each instance in the test 
set on the outputs of the FCN. Note that the smoothed model is the ICEnet and unsmoothed 

model is the FCN.
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the aim of approximating the nagging predictor derived using the 10 FCN predictions. 
Then, the weights of the meta-network were used as a starting point for fitting an ICEnet, 
where the strength of the constraints was varied over a wide range from 10−5 to 105. The 
results of fitting these models, as well as the PDPs from the meta-model and the ICEnets 
are shown in Table 5 and Figure 7, respectively. The minimum value of the test set Poisson 
deviance loss is reached when setting the value of the constraints equal to 10−3, however, 
the validation set minimum is reached when setting the value of the constraints to unity; in 
this case the validation set identifies an almost optimal value of the constraints as measured 
by the test set performance. It can also be seen that the highest value of the constraints 
leads to models with a poor test and validation set performance.

Table 5 Poisson deviance loss for the ICEnet, learning, validation and testing sets. The 
magnitude of the constraints is varied as described in the first column; “meta-model” denotes 

the results of the meta-model with no constraints applied.

Regularisation parameter (log10) Learn Validation Test

meta-model 0.23835 0.23232 0.23829

–5 0.23838 0.23276 0.23856

–4 0.23833 0.23245 0.23847

–3 0.23791 0.23243 0.23837

–2 0.23831 0.23263 0.23855

–1 0.23816 0.23241 0.23856

0 0.23785 0.23236 0.23840

1 0.23924 0.23332 0.23947

2 0.24093 0.23484 0.24099

3 0.24341 0.23684 0.24375

4 0.24659 0.23965 0.24744

5 0.24903 0.24212 0.25018

The PDPs show that the ICEnet with the optimal value of the constraints maintains many 
of the features of the PDPs of the meta-model, while being smoother and less extreme than 
the meta-model. The ICEnets with the most extreme values of the constraint parameters 
become much flatter for the bonus-malus level, vehicle age and density variables, whereas 
the PDPs for driver age and vehicle power maintain significant variation over the range of 
these variables.

Here, we have considered quite simple variations of the constraint parameters by 
varying the constraints for all variables together; using other techniques, one could also 
attempt to find an optimal set of constraints where the values of these differed by variables 
and type of constraint.
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5.	 LOCAL APPROXIMATIONS TO THE ICENET
In the previous section, the constraints on the network have been enforced by creating 
ICE outputs from the FCN for each value that the covariates with constraints can take, 
see Assumptions 3.1. However, this creates quite some computational overhead when 
fitting the ICEnet. Thus, we now explore a local approximation to the ICEnet, where 
the ICE outputs from the FCN are created only for a small subset of the values that the 
covariates with constraints can take. In particular, we define a window size parameter ω

and only produce the ICE outputs in a window of 1
2

w-  around the actual value of each

covariate. To ensure that the third difference used for smoothing remains defined, we 

Figure 7 PDPs of the meta-model and ICEnets with the constraint parameters varied from 10−5 
to 105. The PDPs of the meta-model are in black and the PDP of the optimal model – with 

smoothing parameters set equal to 1 – based on the validation set is shown in red.
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set the window parameter to have a value of ω = 5 in what follows. To define the local 
ICEnet approximation, all that is needed is to modify the ICEnet to produce outputs for 
an observation to return outputs only in the window around the actual observed value. 
Furthermore, for instances that are at the extremes of the observed value of j-th covariate, 
e.g., for the youngest drivers, we produce outputs from the ICEnet for only the first or last

ω observations of the set { }1 ,...,
j

j j
Ka a . Since the local ICEnet needs to produce significantly

fewer outputs than the global ICEnet presented earlier, the computational burden of fitting 
this model is dramatically decreased and the model can be fit without a GPU.

A local ICEnet was fit to the same data as above. To enforce the constraints more 
strongly over the range of the constrained variables, slightly stronger values for these were 
found to work well; these are shown in Table 7. A local ICEnet takes about 12 minutes to 
run without a GPU; this is similar to the global ICEnet running on a GPU.

Table 6 Poisson deviance loss for an FCN and the local ICEnet, learning and testing sets. For 
multiple runs, the average and standard deviation (in parentheses) are reported.

Description Learn Test
FCN 0.2381 (0.000211) 0.2387 (0.000351)

FCN (nagging) 0.2376 0.2383

ICEnet 0.2385 (0.000301) 0.2386 (0.000215)

ICEnet (nagging) 0.2381 0.2383

The results of fitting the local ICEnet are shown in Table 6. In this case, the ICEnet 
outperforms the FCN, both on average and for the nagging predictor and, comparing these 
results to those in Table 3, it appears that the local ICEnet allows constraints to be enforced 
with a smaller loss of predictive performance than the global ICEnet shown above.

Table 7 Smoothing and monotonicity constraints applied within the local ICEnet

Covariate
Smoothing 
constraint

Monotonicity 
constraint

Direction

Driver age 200 0 −1

Vehicle age 10 0 −1

Bonus malus 10 200 −1

Density 10 200 −1

Vehicle power 10 200 −1

We show plots of the outputs of the local ICEnet in Appendix B. From Figure 8 it can 
be seen that the global effect of applying the local ICEnet is quite similar to that of the 
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global ICEnet, however, the PDPs shown in this figure are a little less smooth than those 
of the global ICEnet. In Figure 9 it can be seen that the local ICEnet approximation has 
been moderately successful at enforcing the required constraints with most of the variables 
showing improved monotonicity and smoothness scores, except for the bonus-malus level 
and density covariates. The examples shown in Figures 10 and 11 illustrate that for the 
most extreme examples of the non-monotonic and rough results produced by the FCN, the 
local ICEnet appears to produce outputs that are similar to the global ICEnet.

6.	 CONCLUSIONS
We have presented a novel approach, the ICEnet, to constrain neural network predictions to 
be monotonic and smooth using the ICE model interpretability technique. We have shown 
how the global ICEnet can be approximated using a less computationally intensive version, 
the local ICEnet, that enforces constraints on locally perturbed covariates. Fitting these 
models to a real-world open-source dataset has shown that the monotonicity constraints 
enforced when fitting the ICEnet can improve the out-of-sample performance of actuarial 
models, while fitting models with a combination of smoothing and monotonic constraints 
allows the models to produce predicted frequencies of claim that accord with intuition and 
are commercially reasonable. In this work, we have focused on smoothing the predictions 
of networks with respect to individual observations; as we have noted above it is easy to 
rather impose constraints on the global behaviour of networks instead. Moreover, other 
formulations of smoothing constraints could be imposed, for example, instead of squaring 
the third differences of model outputs, which will lead to minimising the larger deviations 
from smoothness, absolute differences rather could be smoothed.
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APPENDIX A 
CODE

The ICEnet was implemented using the R language version of the Keras package (Chollet 
et al, 2017).

The constraints used for the ICEnet are implemented using a custom layer, which 
is shown in Listing 1. This custom layer works by either estimating the squared third 
differences (smoothing) or the squared value of negative first differences (monotonicity) 
(or both of these) and then adds the value of these penalties to the loss of the model. 
The monotonicity constraint can also be reversed to enforce monotonically decreasing 
constraints.

The input processing for the ICEnet is shown in the following two listings in this 
section. The first of these, Listing 2, shows the input processing for the prediction part of 
the network and the second of these, Listing 3, shows the input processing to produce the 
ICE output of the ICEnet. The main idea of Listing 3 is to define a matrix of covariates, 
where all of the covariates entered into the prediction network are held constant, and only 
those covariates which relate to the ICE outputs vary. These are varied in turn for each 
covariate for which an ICE must be produced.

Finally, Listing 4 shows the rest of the ICEnet. A single FCN is used to derive predictions 
from the inputs. This same network is used to make predictions for the ICE outputs, using 
the time distributed layer. The constraints are then enforced on each of the ICE 
outputs.
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Listing 1 Code for the Combined Loss Layer in R

1	 # Custom combined loss layer
2	 Combined LossLayer <- Layer(
3		  classname = “ Combined LossLayer “,
4		  initialize = function ( lambda_smooth = 0 , lambda_mono = 0 , direction = 1) {
5			   super () $‘ init ‘()
6			   self$lambda_smooth <- lambda_smooth
7			   self$lambda_mono <- lambda_mono
8			   self$direction <- direction
9		  },
10		  call = function ( inputs , ...) {
11			   input_shape <- k_shape ( inputs)
12			   # total_loss <- k_constant (0 , dtype = ’ float32 ’)
13
14			   # Smoothing loss
15			   if ( self$lambda_smooth > 0) {
16				    input1 <- tf$slice ( inputs , begin = c(0 L, 0 L), size = c(-1 L, input_shape [2] - 3 L))
17				    input2 <- tf$slice ( inputs , begin = c(0 L, 1 L), size = c(-1 L, input_shape [2] - 3 L))
18				    input3 <- tf$slice ( inputs , begin = c(0 L, 2 L), size = c(-1 L, input_shape [2] - 3 L))
19				    input4 <- tf$slice ( inputs , begin = c(0 L, 3 L), size = c(-1 L, input_shape [2] - 3 L))
20
21				    diff1 <- input2 - input1
22				    diff2 <- input3 - input2
23				    diff3 <- input4 - input3
24
25				    third_diff <- diff3 - 2 * diff2 + diff1
26
27				    squared_diff3 <- k_sum ( k_square ( third_diff ), axis =2)
28				    smooth_loss <- k_mean ( squared_diff3 , axis =1) * self$lambda_smooth
29				    # total_loss = total_loss + smooth_loss
30				    self$add_loss ( smooth_loss )
31			   }
32
33			   # Monotonicity loss
34			   if ( self$lambda_mono > 0) {
35				    input1 <- tf$slice ( inputs , begin = c(0 L, 0 L), size = c(-1 L, input_shape [2] - 1 L))
36				    input2 <- tf$slice ( inputs , begin = c(0 L, 1 L), size = c(-1 L, input_shape [2] - 1 L))
37
38				    first_diff <- input2 - input1
39				    adjusted_diff <- first_diff * self$direction
40				    penalty <- k_sum ( k_square ( k_maximum ( adjusted_diff , 0)), axis =2)
41				    mono_loss <- k_mean ( penalty , axis =1) * self$lambda_mono
42				    # total_loss = total_loss + mono_loss
43				    self$add_loss ( mono_loss)
44			   }
45
46			   # Return the input tensor
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47			   inputs
48		  }
49	 )
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Listing 2 Code for the Input Processing in R

1	 embed_layer <- function ( input , input_dim , output_dim , name ) {
2		  input % >%
3			�   layer_embedding ( input_dim = input_dim , output_dim = output_dim , input_length =1 , name = name ) % >%
4			   layer_flatten ()
5	 }
6
7		  # Define inputs
8		  inputs <- list(
9			   Exposure = layer_input ( shape = 1 , dtype = ’ float32 ’, name = ’ Exposure ’),
10			   Veh Gas = layer_input ( shape = 1 , dtype = ’ int32 ’, name = ’ VehGas ’),
11			   Veh Brand = layer_input ( shape = 1 , dtype = ’ int32 ’, name = ’ VehBrand ’),
12			   Region = layer_input ( shape = 1 , dtype = ’ int32 ’, name = ’ Region ’),
13			   Area = layer_input ( shape = 1 , dtype = ’ int32 ’, name = ’ Area ’),
14			   Driv Age = layer_input ( shape = 1 , dtype = ’ float32 ’, name = ’ DrivAge ’),
15			   Veh Age = layer_input ( shape = 1 , dtype = ’ float32 ’, name = ’ VehAge ’),
16			   Bon Mal = layer_input ( shape = 1 , dtype = ’ float32 ’, name = ’ BonMal ’),
17			   Density = layer_input ( shape = 1 , dtype = ’ float32 ’, name = ’ Density ’),
18			   Veh Power = layer_input ( shape = 1 , dtype = ’ float32 ’, name = ’ VehPower ’)
19		  )
20		
21		  # Define embeddings
22		  embeddings <- list(
23			   Veh Gas_embed = embed_layer ( inputs$Veh Gas , 2 , 5 , ’ Veh Gas_embed ’),
24			   Veh Brand_embed = embed_layer ( inputs$Veh Brand , 11 , 5 , ’ Veh Brand_embed ’),
25			   Region_embed = embed_layer ( inputs$Region , 22 , 5 , ’ Region_embed ’),
26			   Area_embed = embed_layer ( inputs$Area , 6 , 5 , ’ Area_embed ’)
27		  )
28		
29		  # Define reshape functions for ICEs
30		  embed_ice <- function ( input , len ) {
31			   if( len > 1){
32				    input % >% layer_reshape ( target_shape = c( len , 1))
33			   }
34			   else {
35				    input % >% layer_reshape ( target_shape = c(1))
36			   }
37		
38		  }
39		
40		  num_embeds <- list(
41			   Driv Age_embed = embed_ice ( inputs$Driv Age , 1),
42			   Veh Age_embed = embed_ice ( inputs$Veh Age , 1),
43			   Bon Mal_embed = embed_ice ( inputs$Bon Mal , 1),
44			   Density_embed = embed_ice ( inputs$Density , 1),
45			   Veh Power_embed = embed_ice ( inputs$Veh Power , 1)
46		  )
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Listing 3 Code for the ICE Processing in R

1	 # Define ICE embeddings
2		  ices <- list(
3			   Driv Age_ice = layer_input ( shape = c( Driv Age_ice_len ), dtype =’ float32 ’,
4			   name = ’ Driv Age_ice ’),
5			   Veh Age_ice = layer_input ( shape = c( Veh Age_ice_len ), dtype = ’ float32 ’,
6			   name = ’ Veh Age_ice ’),
7			   Bon Mal_ice = layer_input ( shape = c( BonusMalus_ice_len ), dtype = ’ float32 ’,
8			   name = ’ Bon Mal_ice ’),
9			   Density_ice = layer_input ( shape = c( Density_ice_len ), dtype =’ float32 ’,
10			   name = ’ Density_ice ’),
11			   Veh Power_ice = layer_input ( shape = c( Veh Power_ice_len ), dtype = ’ float32 ’,
12			   name = ’ Veh Power_ice ’)
13		  )
14		
15		  ices_embed <- list(
16			   Driv Age_ice_embed = embed_ice ( ices$Driv Age_ice , Driv Age_ice_len ),
17			   Veh Age_ice_embed = embed_ice ( ices$Veh Age_ice , Veh Age_ice_len ),
18			   Bon Mal_ice_embed = embed_ice ( ices$Bon Mal_ice , BonusMalus_ice_len ),
19			   Density_ice_embed = embed_ice ( ices$Density_ice , Density_ice_len ),
20			   Veh Power_ice_embed = embed_ice ( ices$Veh Power_ice , Veh Power_ice_len ))
21
22		  embeds <- embeddings % >% unname % >% layer_concatenate ()
23		  num_embeds_flat <- num_embeds % >% unname % >% layer_concatenate ()
24		  main = list( embeds , num_embeds_flat ) % >% layer_concatenate () % >%
25		  layer_reshape ( target_shape = c(1 ,25))
26
27		  #### Define ICE models
28		  concat_embeds <- function ( embeddings , embeds , ice_embeds , ice_len , ice_idx ) {
29			�   repeated_embeddings <- lapply ( embeddings , function ( x) x % >% layer_repeat_vector ( ice_len ))
30			�   repeated_embeds <- lapply ( embeds , function ( x) x % >% layer_repeat_vector ( ice_len ))
31			   repeated_embeds [[ ice_idx ]] <- ice_embeds
32			   temp1 = repeated_embeddings % >% unname % >% layer_concatenate ()
33			   temp2 = repeated_embeds % >% unname % >% layer_concatenate ()
34			   list( temp1 , temp2 ) % >% layer_concatenate ()
35		  }
36
37		  # ICE names , lengths and indices
38		  ice_info <- list(
39			   Driv Age_ice_embed = list( len = Driv Age_ice_len , idx = 1),
40			   Veh Age_ice_embed = list( len = Veh Age_ice_len , idx = 2),
41			   Bon Mal_ice_embed = list( len = BonusMalus_ice_len , idx = 3),
42			   Density_ice_embed = list( len = Density_ice_len , idx = 4),
43			   Veh Power_ice_embed = list( len = Veh Power_ice_len , idx = 5)
44		  )
45
46		  # Concatenate ICE embeddings
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47		  ice_embed_vectors <- list ()
48		  for ( name in names( ices_embed )) {
49			   ice_embed_vectors [[ paste0 ( name )]] <-
50				    concat_embeds ( embeddings , num_embeds , ices_embed [[ name ]],
51				    ice_info [[ name ]] $len , ice_info [[ name ]] $idx )
52			   }
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Listing 4 Code for the rest of the ICEnet model in R

1	 #### define main model
2		  middle_in = layer_input ( shape = 25 , dtype = “ float32 “)
3		  middle_layers = middle_in % >%
4			   layer_dense ( units = 32 , activation = “ relu “, input_shape = c(25)) % >%
5			   layer_dense ( units = 16 , activation = “ relu “) % >%
6			   layer_dense ( units = 8 , activation = “ relu “) % >%
7			   layer_dense ( units = 1 , activation = ’ exponential ’, name = ’ middle ’,
8			   weights = list( rep (0 ,8) % >% matrix ( nrow = 8 , ncol = 1),
9			   array ( poiss_hom )))
10
11		  middle_mod = keras_model ( middle_in , middle_layers )
12
13		  main_output = main % >% time_distributed ( middle_mod )
14		�  main_output_N <- layer_multiply ( list( main_output , inputs [[1 ]])) % >% layer_flatten ()
15
16		  ### apply main model to ICES
17		  # Apply time_distributed and create combined_loss_layer
18		  outputs <- list ()
19		  losses <- list ()
20
21		  combined_loss_params <- list(
22			   Driv Age = list( lambda_smooth = 100 , lambda_mono = 0 , direction = 1),
23			   Veh Age = list( lambda_smooth = 10 , lambda_mono = 0 , direction = -1),
24			�   Bon Mal = list( lambda_smooth = 10 , lambda_mono = 100 , direction = 1),
25			   Density = list( lambda_smooth = 10 , lambda_mono = 100 , direction = 1),
26			   Veh Power = list( lambda_smooth = 10 , lambda_mono = 100 , direction = 1)
27		  )
28
29
30		  for ( name in names( ice_embed_vectors )) {
31			�   outputs [[ name ]] <- ice_embed_vectors [[ name ]] % >% time_distributed ( middle_mod )
32			   args = combined_loss_params [[ gsub (“ _ice_embed “, “”, name )]]
33			   smooth_layer = Combined LossLayer ( lambda_smooth = args [[1]] ,
34				    lambda_smooth 2 = args [[2]] ,
35				    lambda_mono = args [[3]] ,
36				    lambda_fl = args [[4]] ,
37				    direction = args [[5 ]])
38			   losses [[ name ]] <- outputs [[ name ]] % >% layer_flatten () % >% smooth_layer ()
39		  }
40
41		  losses_concat = losses % >% unname % >% layer_concatenate ()
42
43		  all_out = list( main_output_N , losses_concat ) % >% layer_concatenate ()
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APPENDIX B 
LOCAL ICENET PLOTS

Figure 8 PDPs for each of the Bonus-Malus Level, Density, Driver Age, Vehicle Age and 
Vehicle Power fields shown in separate panels, test set only. Blue lines are PDPs from the FCNs 
(unsmoothed) and red lines are PDPs from the Local ICEnet (smoothed). Bold lines relate to the 
PDPs from the first of 10 runs; the lighter lines relate to the remaining runs. Note that the scale 

of the y-axis varies between each panel.
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Figure 9 Density plots of the difference between the monotonicity and smoothness components 
of the Local ICEnet loss function (3.4) evaluated for each instance in the test set.
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Figure 10 ICE plots of the output of the FCN and the Local ICEnet for instances n chosen to be 
the least monotonic based on the monotonicity score evaluated for each instance in the test set 
on the outputs of the FCN. Note that the smoothed model is the Local ICEnet and unsmoothed 

model is the FCN.
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Figure 11 ICE plots of the output of the FCN and the Local ICEnet for instances n chosen to be 
the least smooth based on the smoothness score evaluated for each instance in the test set on the 
outputs of the FCN. Note that the smoothed model is the Local ICEnet and unsmoothed model 

is the FCN.


